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(1) Show that for any bounded function on a closed and bounded interval of

the real line, lower Riemann integral is less than or equal to the upper
Riemann integral. [15]

(2) Compute lower and upper Riemann integrals for the function:

f(x) =
{

x if x is rational;
0 otherwise,

on the interval [0, 1]. [20]
(3) For −∞ < a < b <∞, show that continuous functions on [a, b] are Riemann

integrable. [20]
(4) Define functions hn on [0, 1] for n ≥ 1 by

hn(x) =
{

1 + nx if 0 ≤ x ≤ 1
n ;

1 if 1
n < x ≤ 1.

Verify as to whether

lim
n→∞

(
∫ 1

0

hn(x)dx) =
∫ 1

0

( lim
n→∞

hn(x))dx.

[15]
(5) State and prove any one version of the fundamental theorem of calculus.

[20]
(6) Define functions g, β on [−1, 1] by

g(x) = 3x + 5 if − 1 ≤ x ≤ 1,

and

β(x) =

 −1 if − 1 ≤ x < 0;
0 if x = 0;

+1 if 0 < x ≤ 1.

Show that g is Riemann-Stieltjes integrable with respect to β and compute∫ +1

−1
g(x)dβ(x). [20]
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